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Magnetic (semi)conductor:
Why does the resistance depend on the magnetisation?

� jj >; <; = ??? � ?

What couples the magnetism (spin) and the current
coming from (orbital) motion of charge carriers?

... spin-orbit interaction!

W. Thomson, Proc. Roy. Soc. London (1857)



Spin-orbit interaction (SOI)

Relativistic correction,
electron in an atom

Schr•odinger eq.
for wavefunction

( " ;  #)
#

Dirac equation
(' 1; ' 2; � 1; � 2)

#
projection to ( " ;  #)

Schr•odinger +
� ~

4m2c2 ~� � ~p � (r V )

electron in a crystal

� 0 = � 3i ~
4m2c2 hX j[(r V ) � p]y jZ i

Roland Winkler:
Spin-orbit Coupling E�ects in 2D
Electron and Hole Systems
Springer, 2003



SOI - spin textures

Kohn-Luttinger Rashba Dresselhaus
(3D bulk) (2D heterostructure) (2D quantum well)

H = ~2k2
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Approaches to AMR modelling

s-d model (McGuire& Potter, IEEE Trans Mag 1975)

I conduction bys-band,
scattering tod-bands

I two-current model (Mott)

Splitting
mechanism:

� =
ne2

ms

�
1

1=�ss + 1=�s+ ;d+
+

1
1=�ss + 1=�s� ;d�

�



Approaches to AMR modelling

ab initio calculations on FeNi, complicated bands, 'simplescattering'
| Banhart & Ebert, EPL (1995); Banhart, Sol. St. Comm (2000)

model Hamiltonians, GaAs{based materials + 'added' magnetism
| Rushforth, PRL (2007); KV, PRB (2009); Trushin, PRB (2009)



Outline

I applications of AMR & relationship to (Ga,Mn)As
I understanding the origin of AMR in the diluted magnetic

semiconductor (Ga,Mn)As
I spin textures: a quick insight into the AMR
I (relaxation time approximation: is it good enough?)



What is AMR good for

AMR = anisotropic magnetoresistance

Evolution of non-volatile memories



Introducing (Ga,Mn)As

I GaAs =
semiconductor

I Mn: p-doping
I Mn: magnetic

moments

I magnetic
semiconductor

I low Curie
temperature

I strong spin-orbit
interaction



AMR in (Ga,Mn)As: plan of attack

Drude formula...: � =
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Band structure

GaAs typical metal (Fe)
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Band structure

6 � 6 description of the GaAs valence band + kineticp-d exchange
of As p-states with Mnd-states

H = HKL + Jpd

X

i ;I

SI � si � (ri � RI )

HKL parametrized by
 1; 
 2; 
 3, � SO

mean �eld, then
forget the Mn states

H = HKL + hêM � ~s



Scattering: relaxation time approximation

In Ga1� xMnxAs with x � 5%:
I mag+non-mag scattering on Mn substituting Ga
I non-mag scattering on interstitial Mn { facultative

Fermi golden rule & relaxation time approximation

1
�

=
2�
h

Ni

Z
d3k0

(2� )3 jh ~k0jŜj ~k ij 2�
�
E(~k0) � E(~k)

�
(1 � cos� ~k0~k ) :



Scattering: relaxation time approximation

I mag+non-mag scattering on Mn substituting Ga

Fermi golden rule & relaxation time approximation
. . . generalized to anisotropic systems

1

� n(~k)
=

2�
h

NMn

X

n0

Z
d3k0

(2� )3 �
�
E(~k0) � E(~k)

�
(1 � cos� ~k0~k )

jh n0;~k0jV (~k0;~k) + JpdSMn êM � ~sj n;~k ij 2 :

Note: jhV + Jij 2 is not the same asjhV ij 2 + jhJij 2



Transport formalism

I semiclassical Boltzmann equation: solved in RTA
I conductivity

� ij = e2
Z

d3k
(2� )3 � (k)vi (k)vj (k)� (E � E(k))

Jungwirth et al., APL '02 and '03



Where does the anisotropy come from?

� ij = e2
Z

d3k
(2� )3 � (k)vi (k)vj (k)� (E � E(k))

Take Mjjx and comparex vs y (i.e. � xx vs � yy )



Where does the anisotropy come from?

� ij = e2
Z

d3k
(2� )3 � (k)vi (k)vj (k)� (E � E(k))

Take Mjjx and comparex vs y (i.e. � xx vs � yy )

AMR = � 2
� xx � � yy

� xx + � yy

= � 2
� ~M k~I � � ~M ?~I

� ~M k~I + � ~M ?~I



Where does the anisotropy come from?

� ij = e2
Z

d3k
(2� )3 � (k)vi (k)vj (k)� (E � E(k))

What depends here on (direction of) the magnetization?

(a) bent bandstructure (b) wavefunctions (c)

magnetisation
Fermi velocities scattering rates

Rushforth, PRL '07 + JMMM '09



Sources ofnon-crystallineanisotropies

bent bandstructure wavefunctions

(a) (b) (c)
Fermi velocities scattering rates

(Ga,Mn)As,
with only MnGa :
mechanism (b)
dominant
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(Ga,Mn)As: spin texture! AMR

Rushforth, JMMM '09;
Trushin, PRB '09
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(Ga,Mn)As: spin texture! AMR

Rushforth, JMMM '09;
Trushin, PRB '09

h! j sx j !i = 1
2 ; h j sx j !i = 0

h! j sy j !i = 0 ; h j sy j !i = 0

!! h� j � 1
2 + sx j !i = 0 !!

Electro-magnetic scattering matrix el.:
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Other SOI systems: spin texture! AMR

Trushin, PRB '09 crystalline AMR



AMR: crystalline and non-crystalline components

� � L=� av =

CI cos 2� + CI ;C cos(2� + 4 � ) +

+ CC cos(4� + 4 � ) + CU cos(2� + 2 � )

de Ranieri et al., NJP '08

� � T =� av =

CI sin 2� � CI ;C sin(2� + 4 � )
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Transport formalism
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Non-equilibrium distribution

How to calculate the non-equilibrium distr. (isotropic system)?

� e~E � ~v(~k)( � @" f ) =
Z

dnk
(2� )n w(~k;~k0)

�
f (~k) � f (~k0)

�
:

1. Relaxation time approximation: replace the r.h.s. by
(f � feq)=� . This gives the familiar result

f (~k) = feq � e~E � ~v(~k)
�

�
@feq

@�

�
�

wherewe get
1=� =

R
dk0wkk0� (� k � � k0)(1 � cos#kk0).



Non-equilibrium distribution

How to calculate the non-equilibrium distr. (anisotropic system)?

� e~E � ~v(~k)( � @" f ) =
Z

dnk
(2� )n w(~k;~k0)

�
f (~k) � f (~k0)

�
:

1. Relaxation time approximation: replace the r.h.s. by
(f � feq)=� . This gives the familiar result

f (~k) = feq � e~E � ~v(~k)
�

�
@feq

@�

�
�

wherewe get
1=� =

R
dk0wkk0� (� k � � k0)(1 � cos#kk0).W

RONG!

3. Solve the integral equation at once. Calculating integralslike
1=� (~k) in each~k{point separately does not help.



Non-equilibrium distribution

cos� = �w(� )a(� ) �
Z

d� 0 w(�; � 0)a(� 0)

sin� = �w(� )b(� ) �
Z

d� 0 w(�; � 0)b(� 0)



Non-equilibrium distribution

cos� = �w(� )a(� ) �
Z

d� 0 w(�; � 0)a(� 0)

sin� = �w(� )b(� ) �
Z

d� 0 w(�; � 0)b(� 0)

Example: Rashba + magnetic scatterer) w(�; � 0) / 1 + cos(� + � 0)

3. Integral equation approach:

f (�; � ) � feq = � eEv(� @" feq)�
�

1
3

cos� cos� + sin � sin�
�

:

1. Relaxation time approximation

: : :
�
cos�

cos�
3 � 2 sin2 �

+ sin �
sin�

3 � 2 sin2 �

�
= : : : � (� ) cos(� � � )



Di�erent approaches: comparison

Anisotropic Magnetoresistance | Rashba model
Charged magnetic scatterer:V (~k0;~k) + � x ! � + � x
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Anisotropic Magnetoresistance | Rashba model
Charged magnetic scatterer:V (~k0;~k) + � x ! � + � x

single band two degenerate bands
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I AMR = ( � xx � � yy )=(� xx + � yy )
I intEq: Boltzmann, exact solution
I S-L: Schliemann & Loss, PRB '03

I Rashba bands,k+ < k� ;
single band:k+ = 0

Keldysh approach: Kovalev, PRB '09
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AMR = resistance of a conducting magnet depends on the
direction of the magnetisation

an e�ect due to the spin-orbit interaction



Summary

AMR = resistance of a conducting magnet depends on the
direction of the magnetisation

an e�ect due to the spin-orbit interaction

I microscopic e�ective model of the AMR for GaMnAs |
semiquantitative agreement with experiments; explanation of
negative sign

I general classi�cation ofanisotropy mechanisms: (a)a-bands
[velocity], (b) a-relaxation time [scatterer], (c)a-relaxation
time [wavefunction]. Considerspin-textures.

I scheme going beyond relaxation time approximation:
anisotropic systems need an integral equation rather than
integral


